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Abstract 

About global and local algebraic integrability of 
ovals. A contribution to clarify Newton results and 
relative comments on his work done by Arnol'd and 
Pourciau. A possibile application to air damper 
sections computation is offered, as example of 
unexpected link between pure mathematics and 
industrial technology. 
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Following Arnol'd ([I]), a curve in the real plane is 
said to be algebraic if its points {x, y) satisfy an equa- 
tion P{x,y) = where P is a non-zero polynomial. 
Following Newton in its Principia {[2\), an oval is a 
closed convex algebraic curve; following Newton (and 
Chandrasekhar) again, an oval is said to be smooth if 
at every point there is the tangent line and its posi- 
tion varies with continuity when the point varies with 
continuity along the curve. 

An oval is said to be algebraically squarable if exists 
a polynomial Q{p,q,r, s) such that the area S of 
an arbitrary segment formed by a cartesian line 
ax + by + c^O satisfies the equation Q{S, a, b,c) — 
([I]) ID)- Newton, during its studies on planets 
trajectories, has proven in its Lemma 28 of the 
First Book of Principia the following theorem (see 
([!]) for the original Newton proof, which is based 




Figure 1: 
2011). 



Newton (pencil drawing by G.Argentini, 



on a geometric and algebric, not analytic, argument): 
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// an oval is smooth, it is not algebraically 
squarable. 

For example, Kepler elliptical ovals are not al- 
gebraically squarable, and so the convex Newton 
apple (FiglU see forward for its equation). The unit 
square of equation x'^y'^ — x^y — xy"^ + xy = Q 
is algebraically squarable and a polyno- 
mial satisfying the definition is Q{S,m,q) 
Am'^S'^ - 4m'^S - 2mq + q"^ + 2mq^ - 2q^ + q*. 



In their works, Arnol'd and Pourciau describe how 
the Newton result about ovals integrability can be 
interpreted in a weaker sense too, using the same 
logical argumentation used by Newton in his proof. 
They introduce the concept of locally algebraically 
integrability, without giving a clear formal definition. 
But from the examples and from the proofs which 
they offer, one can deduce the following definition: 

An oval is said to be locally algebraically squarable 
if for each point Pq exist a line Lq of equation 
qqx + boy -I- Co = and a polynomial Qo{p,q,r, s) 
such that the areas S of the segments formed by all 
the lines ax by + c = 0, in a suitable geometrical 
neighbourhood of the line Lq, satisfy the equation 
QoiS, a, b, c) = 0. 




Figure 2: The convex Newton apple. 




Figure 3: The squarable square. 



In practice, in (global) algebraic integrability for 
the whole oval there is a polynomial Q such that 
Q{S,a,b,c) = 0, while in local algebraic integrabil- 
ity for each point Pq of the oval there is a polynomial 
Qo such that QoiS, a, 6, c) = 0. 

As Newton understood (see [1]), global and local 
algebraic integrability seem to depend on the degree 
of smoothness of the curve. A curve F{x,y) is 
said to be of class C" at its point Pq = {xo,yo) 
if its partial derivatives until the m-th order ex- 
ist at Po, they are continuous, and the gradient 
{dxF{xQ, yo),dyF{xo, j/o)) is not the null vector (that 
is Pq is regular) . A curve is said to be of class C™ if 
all its points are regular and its partial derivatives 
until the m-th order exist and are continuous. If 
also the curve is infinitely derivable with continuity, 
it is of class C°°. The curve is said to be analytic at 
Po if it is expandible in a convergent power series of 
integer exponents in a neighbourhood of Pq. 

Theorem An algebraic curve of class at its 
point Pq, is analytic at Pq. 

Proof. Suppose dyF{xo,yo) 7^ 0. From the theo- 
rem of implicit function, there is a function y — 4'{x) 
such that F{x, (j){x)) = for all the a; in a neighbour- 
hood of Pq. Also, (j) is derivable and its first derivative 
is 
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= -d.,F(x, 4>{x))/dyF{x, 4>{x)) (1) 

Note that, using permanence of sign, the 
neighbourhood of Pq can be chosen so that 
dyF{x, (j){x)) > on it. Therefore, being F{x, y) par- 
tially derivable indefinitely, from ([1]) the successive 
derivatives 0", 0"', ... have only integer powers of 
dyF{x, (j){x)) at denominator, and we deduce that 
is indefinitely derivable. So locally the curve F{x, y) 
is the graph of an infinitely differentiable function 
y = (j>{x). From a theorem of Newton ([!]), it follows 
that F is analytic at Pq- O 

A curve is analytic if it is analytic at every point. 
Newton has proven ( 1 ) that a C°° oval is analytic 
and it is not algebraically squarable, even locally. 
From previous theorem it can be deduced that 

A oval is not algebraically squarable, even 
locally. 

Hence, if you want an oval locally algebraically 
squarable, you must search among ovals with at 
least a singular point, that is a point Pq = {xo,yo) 
such that dxF{xo,yo) = dyF{xo,yo) = 0. Note 
that an oval can be smooth in the sense of Newton, 
that is to have continuous tangent line at every 
point, but it could not be of class (in the paper 
of Pourciau, smooth is equivalent to C^, but this 
seems not to agree with Newton assumptions). 
Arnol'd ([T]) offers the example of the parametric 
curve X ^ (t'^ - 1)^, y ^ t^ - t for -1 < t < 1, 
which have continuous and never null tangent vector 
{U{t'^ - l),3t2 - 1), that is the curve is smooth. 
But if we consider its algebraic equation, that is 
y"' — 2xy^ — x^ + x'^ =0, we can see that the origin 
(0, 0) is the unique singular point, that is the curve 
is not of class C^. Therefore, from Newton this oval 
is not algebraic squarable. It is locally algebraic 
squarable (see (pj), but it is not a counterexample 
to Newton Lemma 28 as declared in ([!]), because 
Newton denied local integrability only for alge- 
braic ovals. 

Following Newton and previous theorem, a 



oval has at every point a local representation 
{y — y(x) or X — xijj)) as an integer power series. 
If an oval has a singular point, it has a local rep- 
resentation as a fractional power series of the kind 
y — aQ + aix«' + a2X~ + ... for an integer N > 2, 
as shown by Puiseux ([5]). Note that Newton knew 
how to expand a curve in a fractional power series 
using the method today known as Newton polygon 

Consider previous Arnol'd oval y'^ —2xy^ —x^ +x^ = 
{y^ — x)^ — a;'^ = 0. How we can find a local represen- 
tation of kind y — y{x) at the singular point (0,0)? 
At first step, from y^ — x + x^ using Newton poly- 
gon (FiglSJ we have the equation y'^ — x = 0, from 
which follows (considering only the positive branch) 
y — x^ . Now let he y = x^ + z, and we com- 
pute z using the new Newton polygon. Consider now 
the equation 2x2z~x^ — 0, which gives z — ^x. 
So we have the following local representation near 
the origin: y = x^ + ^x. Note that this repre- 
sentation are the first two terms of the Puiseux se- 
ries y — X^n^ cinX^ (a Mathematica expansion gives 
xi + ^x — -|- -^a;^ — jfga;^ -|- 0[x]^). So we have 
a singular point where the oval is locally represented 
by a power series where not all the exponents are in- 
teger; the oval is not analytic but it is smooth and 
locally algebraically squarable. 




Figure 4: The Arnol'd oval y'^ — 2xy^ — x"^ + x^ = 0. 
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Figure 5: Newton polygons for fractional power series 
expansion of the oval y'^ — 2xy^ — x^ + x"^ = 0. 



Let (a;o,2/o) be a point of an oval. The oval is 
said to have a {xQ^yo}- centered parametrization if 
there are two rational functions g(t), f[t) in the 
interval [a, &], a < b, such that x — g{t), y = f{t) 
for every point of the oval, g(a) = g{b) — xq, 
f{a) = f{b) = yo, and g{t) ^ xo for every t in (a, b). 
Note that {g{a), f{a)) can be an angular or a smooth 



point. 

Theorem An oval having a singular point {xo,yo) 
and a {xQ^yo)- centered parametrization, is locally 
algebraically squarable. 

Proof We can suppose, without loss of generality, 
that the singular point (a;o, yo) is the origin (0, 0), be- 
cause a translation X — x^xq, Y — y—yo of cartesian 
axes doesn't modify the character of a singular point 
of a curve F{x, y) = (if G{X, Y) = F{x{X), y{Y)), 
then dxG = d^Fdxx = d^F and dyG = dyF). 
Let Pq a- point on the oval distinct from the ori- 
gin and to the value of the parameter such that 
(5(^0), /(^o)) = -fo- Note that, by definition of cen- 
tered parametrization, g(io) 7^ 0. Then the straight 
line from origin to Pq has equation y — nix with 
m = f{to)/g{to). Note that m has a rational de- 
pendence on to. Suppose that the oval is described 
clockwising by t; the area 5* of the (upper) segment 
can be computed by integration of the y values on x 
minus the area l/2g{to)f{to) of the triangle down the 
straight line. So 



S = 



to 



1 



f{t)g'{t)dt - -g{to)f{to 



(2) 



This expression of S has a rational dependence on 
to- Eliminating to from the expressions of m and S 
by computation of their resultant (|3]), one find an 
algebraic equation between m and 5', wich is valid 
for all the straight lines of the kind y = nx with n 
variable in a neighbourhood of m. 
Let us consider now the origin. We can choose a 
segment delimited by a vertical line of kind x — c 
whose intersections with the oval let be represented 
by the two parameter values ti for the upper and 
<2 for the lower; again, c has a rational dependence 
/i(ti) on ti and a rational dependence 72(^2) on t2- 
The area of the segment is 

r f{t)g'{t)dt+ f f{t)g'{t)dt (3) 

SO again, eliminating ti and ^2 from the set of 
equations S — S{ti,t2), c = /i(ti), c = /2(i2), we 



4 



obtain an algebraic relation between S and c. □ 




Figure 6: Construction of the segments for local in- 
tegrability. 

Remark. From definition, the denominators of the 
rational functions g and / can't have zeros in the 
interval (a, &). So at points distinct from {xo,yo) the 
oval is smooth in the sense of Newton. 

The hypothesis of singularity for the point (xq, yo) 
seems to remain hidden in the proof. But if the oval 
has only regular points, it shall be a oval, so it 
coudn't be locally algebraically squarable. 

Example. The couple of functions x — {t'^ — 1)'^, y = 
t^ — t is a. (0, 0)-centered paranietrization for the 
Arnol'd oval. 

A Bezier oval is a plane convex close smooth (in 
Newton sense) Bezier curve ([5]) with (0,0) as first 
and last control point. Note that for such a curve 
(0, 0) is a singular point and the usual Bernstein 
parametrization is (0, 0)-centered. Therefore a 
Bezier oval is locally algebraically squarable. 



Example. The convex Newton apple of Fig|5] 
is actually a Bezier oval wich can be con- 
structed using the list of control points 
{(0, 0), i-a, 0), (-&, c), (0, c), (&, c), (a, 0), (0, 0)}, 
with a, b and c geometric parameters; its al- 
gebraic equation F{x,y) = has degree six. The 
origin is singular. It is locally algebraically squarable. 

An air damper is a mechanical component which 
has the function of varying the air flow rate in fiuid 
dynamical systems, such as ventilating structures. 
Usually there is an hole on a material boundary 
and a cover (mechanical doorlet or shutter or simply 
damper) manually or automatically moved for par- 
tially opening or closing the hole section. 




Figure 7: Air intake (hatched section) for a fan hous- 
ing. 

It could be very important to have a simple mathe- 
matical formula for a fast computing of the damper 
section left free by the shutter in its opening po- 
sitions. Suppose that hole and shutter have the 
same geometrical shape and that the boundary of 
this shape is a smooth oval. For example, consider 
the oval x^ + y'^ + 3{x^y — xy + xy"^) = 0, which 
have x = 3(1 - tft, j/ = 3(1 - t)t^, t e [0,1], 
as (0,0)-centered parametrization. From previous 
Theorem, this oval is locally algebraically squarable. 
The shutter can rotate with center on the origin. 
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Figure 8: Shutter of an air damper for low power 
burners. 



If the damper is partially open, the section left 
free is equal to the difference of the two segments 
cut from the ovals by the line OP fFiglTUl). These 
segments are algebraically squarable, therefore the 
free section, that is their difference, is algebraically 
squarable. 

Exercise. Show that the straight line OP is axis of 
simmetry for the figure composed by the two thin 
and thick ovals. You could draw the ovals on a paper 
sheet and then fold it along the line OP. 




Figure 9: Various positions of shutter. 




o 

Figure 10: The damper (thick line for the shutter) is 
partially open. 



The equation of line OP is y = mpx, where mp — 
Y~t^^ with t parameter of the hole boundary curve. 
Note that, if a is the angle between x-axis and the 

straight line, then for every a G [0, ^] there is a /"^ , 3 

unique tp such that xp = x(tp) and yp = y(tp). ^ ^ ~ Jo ^^^^^ ^^^^^ ^ 20 

The area of the segment of the hole (thin curve) is, 

using Gauss-Green, therefore the area of the free inlet section is 



S2 — Si — (5* — Si^ — 2i5'i — >S' ■ 



Si^-[ y{t)x'{t)dt + mp xdx ,r -,0c 

= ~3tp^ + —tp'^ ~ —tp^ + -tp^ + -mpxl (4) 

Note that you could express ^2 as a rational function 
The area of the total thin oval is only of mp, mp G [1, +00], variable or only of tp, 
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Inlet Area 



0.15 



O.lfr 
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Figure 11: Graph of the area S2 as function oftp. 



tp e [5,1], variable; in particular mpx^p = 9(1 — 
tp)^t\,, so that ^2 is a polynomial function of tp. 
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